
PROBLEM SET 3 SOLUTIONS 

Problem 1 (The Probit Model)	  
	  
(a)	  
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where	  the	  second	  equality	  sign	  holds	  by	  the	  symmetry	  of	  a	  normal	  distribution.	  
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(d)	  
	  	  	  	  	  (1)	  The	  OLS	  provides	  partial	  effects	  that	  are	  constant	  at	  all	  values	  of	  !.	  
	  	  	  	  	  (2)	  The	  OLS	  leads	  to	  predicted	  probabilities	  that	  can	  lie	  outside	  [0,1]	  for	  some	  values	  of	  !.	  
	  
	  
(e)	  
	  
We	  require	  that	  ! !!! 	  is	  invertible.	  To	  see	  why,	  note	  that	  from	  
	  

! ! = 1 ! = !) = Φ(!")  
	  
we	  have	  
	  

! = ![!′!]!!!′Φ!!(! ! = 1 !))  
	  
and	  ! ! = 1 !)	  is	  identified	  under	  random	  sampling.	  Alternatively,	  it	  can	  be	  shown	  that	  the	  
expected	  log-‐likelihood	  has	  a	  unique	  maximizer	  if	  and	  only	  if	  ! !!! !!	  exists.	  	  



Problem 2 (MLE and the Information Equality) 
	  

	  

	  

Here, we used that ui is independent from xi (two normally distributed random

variables that are uncorrelated are also independent) and that u2
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i+ ε2i =

γ2 + 1. Thus, we have
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Analogously, we find that as n → ∞
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again we used the CLT, WLLN and Slutsky’s theorem. We have
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Thus, we have
√
n(β̂IV − β) ⇒ N (0, (γ2 + 1)/ρ2xz).

Since |ρxz| < 1 we have AsyVar(
√
nβ̂OLS) < AsyVar(

√
nβ̂IV).

(d) Assume that yi is log annual income, xi is years of education, and wi is unobserved

ability (of individual i).

In the lecture we mentioned multiple instruments in that case, in particular mothers

education, quarter of birth, distance between the home (at age 16, say) and the next

college. Another instrument is smoking behaviour of individual i (mentioned in the

paper of Bonjour, Cherkas, Haskel, Hawkes and Spector, from Q1 of the applied

problem set). Each of these instruments can be interacted with other exogenous

characteristics to construct futher instruments.

Question 3 (30 points)

Let y = (y1, y2, . . . , yn) be a random iid sample from the distribution yi ∼ N (log θ, 1),

where θ > 0 is an unknown scalar parameter.

(a) We have
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The FOC reads 1
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(yi − log θ̂) = 0. Solving this gives θ̂ = exp( 1n
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3(b) We calculate

H(yi, θ) =
∂2 log f(yi|θ)
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.

(c) We have yi = log θ0. Therefore H(yi, θ0) = − 1
θ20
.

(d) AsyVar(
√
nθ̂) = − H(yi, θ0)−1 = θ20.

(e) Using that µ(θ) = log θ and the delta method we find
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